Ground-state entropy for an Ising pyrochlore lattice is calculated exactly under a certain range of magnetic field along the [111] axis, where the ground-state entropy shows a plateau. The obtained entropy is 0:0808k B per spin, which agrees with the experimental value. Pauling's method for estimating the ground-state entropy for the ice problem is also applied to the present case. Comparison of the result obtained with our exact result shows that Pauling's method underestimates the entropy by about 10%.
Frustrated systems have recently attracted much attention because of their various quantum mechanical states. Among them, the pyrochlore structure is a fully frustrated threedimensional lattice and has been studied extensively both experimentally and theoretically, including its spin systems and electron systems with orbital degrees of freedom. When uniaxial Ising spins are located on the pyrochlore lattice, a macroscopic ground-state degeneracy due to frustration is expected. Recently Ramirez et al. determined the groundstate entropy in a pyrochlore system, Dy 2 Ti 2 O 7 , to be 0:229k B . 1) In this material, it is believed that the anisotropy axis of the Ising spins points to the center of each tetrahedron ( Fig. 1) and that the spins obey a so-called ''ice rule'' due to the exchange interactions. Here, the ice rule means that two out of the four spins point inward of the tetrahedron, and the other two point outward. Then the problem is equivalent to that of proton ordering on the cubic ice lattice, where the ground-state entropy was estimated by Pauling to be 0:203k B .
2) This value is reasonably close to the experimental value of 0:207k B 3) for the cubic ice and is also very close to the result of Dy 2 Ti 2 O 7 .
More recently one of the authors' (ZH) group is measuring the ground-state entropy S under a magnetic field along the [111] axis. 4) According to the results, there is a plateau in a certain range of the magnetic field where S takes a constant value ($0:096 AE 0:012k B per site). It is expected that some of the spins are fixed by the magnetic field but there remains a frustrated spin system which causes the ground-state entropy.
In this paper, we study the ground-state entropy or the ground-state degeneracy considering this physical picture. We find that the exact number of ground-state degeneracies under a magnetic field can be obtained. It is worth noting that Pauling's estimation of the ground-state entropy without magnetic field is only approximate. We will compare our exact result with the estimate obtained by extending Pauling's approximation to the present case. Actually we find that the difference is only 10%, so that we expect Pauling's estimation for the three-dimensional pyrochlore lattice to also be reasonable.
Under a magnetic field along the [111] direction, the easy axis for one of the four Ising spins in each tetrahedron is parallel to the magnetic field (Fig. 1) . Therefore it is likely that this spin is fixed (or frozen) in the plateau region. 4) This picture is supported by experimental data on magnetization. However, the remaining three spins (white arrows in Fig. 1 ) are still fluctuating and result in ground-state entropy. These spins form a two-dimensional kagomé lattice, which is perpendicular to the magnetic field. We can see from Fig. 1 that there are three possible spin configurations even if the ice rule is satisfied.
Under this situation, the problem of ground-state entropy is reduced to the number of spin configurations in the twodimensional kagomé lattice. From the pyrochlore structure, we can see that these kagomé lattice planes are decoupled from each other, because the spins between the planes are all fixed. As shown in Fig. 2 , the kagomé lattice is composed of linked triangles with spins on their vertices. These triangles are classified into two subgroups, A and B, where the former comes from the basal planes of the tetrahedra as shown in Fig. 1 and the latter comes from the other tetrahedra which are upside-down in Fig. 1 . Because of the ice rule and the direction of the magnetic field, these spins satisfy the following ''modified ice rule'' on this plane (see Fig. 2 ): ''Among the three spins on a triangle A, two are pointing inward and one outward. For a triangle B, two are pointing outward and one inward.'' Due to this modified ice rule, it is not easy to obtain the ground-state degeneracy. However, we notice that this problem is equivalent to the dimer-covering problem for a Here the dimer-covering involves calculating the number of ways to cover a given lattice with dimers, so that all sites are occupied and no two dimers overlap (a dimer covers two neighboring sites).
From the modified ice rule, it is easy to see that we only have to specify which spin of triangle A points outward. An example is shown in Fig. 3(a) . There is a one-to-one correspondence between this configuration and the spin configuration, as in Fig. 2 . Then we identify the center of each triangle as a site which forms a honeycomb lattice [ Fig. 3(b) ]. When there is a spin pointing outward from triangle A, we put a dimer on the corresponding bond of the honeycomb lattice, as shown in Fig. 3(b) . Since each triangle B has one spin pointing inward, it is required that each site on the honeycomb lattice be occupied with a single dimer. Hence, our problem is mapped onto the dimercovering problem on a honeycomb lattice. In the following, we solve this problem exactly.
The dimer-covering problem was studied for a square lattice by several authors.
5-7) Here we will follow the method by Fisher 7) in order to apply it to the honeycomb lattice.
Consider a plain rectangular lattice of m rows and n columns and N ¼ mn sites. To avoid technical complexities, we assume m and n 2 to be even. By removing vertical bonds as shown in Fig. 4 , we obtain a lattice topologically equivalent to the honeycomb lattice. Here we assume periodic boundary conditions in the vertical direction (i.e., the m þ 1-th row is identified with the 1st row) and open boundary conditions in the horizontal direction (Fig. 4) .
We calculate the configurational grand partition function
where g mn ðN x ; N y Þ is the number of ways of placing N x horizontal dimers and N y vertical dimers on the lattice without multiply occupied sites (2N x þ 2N y ¼ mn). The variables x and y are the activities and the ground-state degeneracy is given by Z mn ð1; 1Þ.
To obtain an expression for Z mn , Fisher 7) introduced a set of anticommuting operators obeying
where ij is the Kronecker delta function. Each operator A i is associated with each bond, and thus it is convenient to denote the operator for a bond from site k to site l by A kl . Now consider a product of operators
where l 1 and l 2 represent the two horizontally connected nearest-neighbor sites of k, and l 3 is a vertically connected nearest-neighbor site of k. Since the trace of the operator A i satisfies
with t being the dimension of the representation, the trace of Q mn k¼1 V k vanishes unless each operator A kl appears either twice or not at all. This means that each site k is occupied by a single dimer. However, care should be taken for the sign of each term in the expansion of eq. (3) because of the anticommutation of the operators. Fisher showed that if we use the numbering of the lattice sites as shown in Fig. 4 , all the terms of nonzero trace in the expansion of eq. (3) have positive signs. Although this was proved for the square lattice, the situation is the same for the honeycomb lattice since only some of the bonds are removed. We can also show that the proof is valid under the periodic boundary conditions in the vertical direction, which we assume in this paper. Consequently the partition function is given by
Fisher argued that this expression is equal to a Pfaffian whose elements are either x or y depending on the direction of the corresponding bond. Furthermore, the square of a Pfaffian can be calculated from an antisymmetric determinant. After these procedures, we obtain Z mn ðx; yÞ ¼ ðdet DÞ
where D is an mn Â mn matrix
and X, Y and Y 0 are n Â n matrices with elements The determinant of D can be calculated as follows. Since we assume the periodic boundary conditions in the vertical direction, matrix D can be block diagonalized by the unitary block matrix ½u lq I with
This yields
where
is an n Â n matrix. Next, to obtain the determinant of D q , we can use a similar unitary transformation. The eigenvectors of X are
Transformation using the corresponding unitary matrix gives
The determinant of D 0 q can be easily evaluated as a product form, which leads to
Finally, taking the thermodynamic limit, we obtain ln Zðx; yÞ ¼ lim
This result is consistent with the partition function of dimers studied in a completely different context (six-vertex model).
8)
The partial derivative with respect to y gives @ @y ln Zðx; yÞ
where we used
Since ln Zðx; 0Þ ¼ 1 2 ln x, integrating eq. (22) gives an expression for the partition function as a single integral
which is expressed as a series expansion
ð25Þ
This gives the number of ways of dimer-covering of the honeycomb lattice
It is interesting to compare the present result with that for the square lattice, 7) ln Z SQ ð1; 1Þ ¼ 0:2915609: ð28Þ Due to the lattice geometry where half of the vertical bonds are removed (Fig. 4) , ln Zð1; 1Þ is almost half of that in the square lattice. (If we assume y ¼ 2 and x ¼ 1, we have ln Zð1; 2Þ ¼ 1 2 ln 2). For the ground-state entropy of the original pyrochlore problem, we have to take account of the difference between the number of sites in the honeycomb lattice and those in the spin system. The former corresponds to the number of triangles in the kagomé lattice as shown in Fig. 3 . Since the number of spins is twice that of tetrahedra or triangles in Fig. 3 , the ground state entropy per spin is
It is worth noting that this result can also be obtained by mapping the current dimer problem onto the antiferromagnetic Ising model on a triangular lattice. Let us compare our exact result with the estimate obtained by applying Pauling's method.
2) In Pauling's idea, we first assume random spin configurations for triangles A. There are 3 N 2 ways to arrange spin configurations with N 2 being the number of triangles A. However, the restrictions on triangles B are completely ignored in this calculation. In order to estimate the effect of this restriction, the probability that the modified ice rule is satisfied for each triangle B should be taken into account. There are 
This value is 10% smaller than the exact value in eq. (29). This shows that Pauling's approximation is an underestimation.
In conclusion, the experimental value of the ground-state entropy (S ¼ 0:096 AE 0:012k B ) is shown to be in agreement with the present calculation (S ¼ 0:0808k B ). The experimental value may be a little overestimated due to the difficulties of determining the finite entropy. At the same time, Pauling's approximation (ignoring the correlation) is also shown to give a good estimate (S ¼ 0:0719k B ) in this case.
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